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The purpose of this work is to predict the in-plane and cross-plane thermal properties of crystalline
silicon films. Several thicknesses from 20 nm to 6 um and mean temperatures between 20 and 500 K
have been investigated. Heat transport properties in silicon films have been studied through three
different techniques: a semi-analytical method based upon the Kinetic Theory, a deterministic solution of
the Boltzmann Transfer Equation (BTE) through the Discrete Ordinate Method and a statistical handling
PACS: of the BTE by means of Monte Carlo Method. Each technique requires a model for the bulk material
dispersion curves and the collision times of the different scattering processes. The three techniques
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02.60.Cb with in-plane thermal conductivity calculations and measurements have been also discussed. Thus, the
cross-plane thermal conduction properties have been predicted. The expected temperature and thickness
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1. Introduction

Nanotechnologies development is one of the major current is-
sues in electronics. Transistors with nanometric sizes are now
commonly accepted and already achieved in laboratories [1]. For
such devices heat dissipation is a challenging problem that has to
be solved [2,3]. Moreover, nanostructured technology improvement
reaches limits for which the classical heat transfer laws are not
valid [4]. Consequently, thermal properties of these nanostructured
materials need to be known as their typical size goes down.

Cross-plane and/or in-plane thermal conductivity measure-
ments have already been performed for superlattices [5-8] and
single nanofilms [9-13]. Thermal conductivity exhibits a strong
anisotropy in superlattices which is also expected for nanofilms.
Nevertheless, these measurements are not numerous. Despite,
thermal properties are key parameters for multilayered processor
design. As a consequence, development of numerical tools aimed
at the assessment of thermal properties in nanostructures has en-
countered a wide interest for semiconductors of various shapes
(nanofilms, nanotubes, nanowires, ...).
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In semiconductor crystals, solid state physics teaches us that
heat flows through the lattice vibrations and heat carriers can be
seen as quasi-particles called phonons. Historically, thermal con-
ductivity in crystalline materials has been derived from the phonon
mean free path [14], using the gas Kinetic Theory. Precursor studies
by Klemens [15,16], Callaway [17] and Holland [18] have put into
practice this method assuming the single relaxation time approx-
imation to model the collision term occurring in the Boltzmann
transport equation. With this formalism, boundary and impurity
scattering as well as three phonon processes (normal and umk-
lapp) contribute to a single relaxation time. The resulting models
have successfully predicted the bulk thermal conductivity for vari-
ous semiconductors (Si, Ge, with several dopant concentration) at
low and high temperatures. One of the three methods used here
is based on this approach and is semi-analytical [19]. This method
is the fastest to implement. It easily gives values of the thermal
conductivity. The other two methods are based upon the resolu-
tion of a transport equation (BTE). Majumdar [20] has developed
such a phonon radiative transfer equation (PRTE) which is derived
from the BTE introducing a phonon specific intensity through the
multiplying factor viwD(w) (where v is the phonon velocity in
a given direction and D(w) the density of states). The PRTE can
be solved by deterministic means such as those widely developed
for neutron and photon propagation. Radiation numerical modeling
tools [21,22] like the Discrete Ordinate Method (DOM), used in this
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Nomenclature
C volumic heat capacity....................... Jm—3 K1
D density of States............coeeueeuerneennnn.. m~3]!
E [ 0T =4 2 ]
F cumulative distribution function
g degeneracy factor
G thermal conductance ...................... Wm2K!
h reduced Planck constant...................... Jsrad~!
I INEENSIEY v ettt et Wm2sr!
10 blackbody intensity .............cevueeenenn... Wm—2
k thermal conductivity..............coueen... Wm1K!
kg BoltZMann CONSEANt . ...enneeeeneeeeeennnennn. JK1
K, K WAVE VECEOT .. e eeveeee et et e e et eeneeeeanens m~!
l WIdth oo m
L thiCKNeSS . ..ot e m
n surface normal
N phonon number
p polarization
P probability
q heat fluX.....oovvveeeiie e Wm—2
R TAdiUS .o vt m
R random number
t 03 0 S
T EEMPETAtULR .. vttt e e et e e e e e e eneennnens K

u unit vector in the propagation direction

Vg group VeloCity .....oovviviniiiiii i ms!
Vo phase VeloCity ......vvveeieneieie e ms~!
1% VOIUIMIO . .ottt m3
w weighting factor

Greek symbols

K phonon absorption coefficient.................... m~!
M, n,& direction cosines

o) reflectivity

T relaXation rate ........oovveiieeeiiieeiiiieeeieeennnn. S
0, ¢ angular coordinates ..............coviiiiiiiiiiiann., rad
w angular frequency............ooiiiiiiiiiiin... rads™!
2 solidangle .........cooiiiiiiiiiiii 5y
2 propagation direction

Subscripts

BC boundary collision

d defect

L LA longitudinal acoustic polarization

ph phonon

scat scattering

T, TA transverse acoustic polarization

work, are particularly well adapted to film [23] and wire geome-
tries [24]. As computer performance has increased, other numerical
methods have been developed to solve the BTE. Among them sta-
tistical approach is of interest since it can be used in complicated
geometries and since it is also supposed to be more accurate as
long as the number of sampled phonons remains large. Moreover,
collision process is treated carefully at microscopic scale in this
model. We have improved this technique [25] from the former
works by Peterson [26], Mazumder and Majumdar [27] using the
Monte Carlo Method (MCM).

The two methods based on the resolution of the BTE are much
more difficult to implement and require more computational re-
sources than the Kinetic Theory (KT) model. Nevertheless, the asset
of using these methods is to get the temperature profile in the
sample. Thus, one knows if the considered nanostructure is in the
Fourier regime or if it reaches the ballistic regime, i.e. if the con-
cept of thermal conductivity is relevant.

Eventually, Molecular Dynamic (MD) simulations have been
more and more used to assess thermal conductivity [28,29]. In
Molecular Dynamic simulations, the integration of the Newton law
at the atomic scale can provide reliable values of the thermal con-
ductivity, but only for high temperatures. At least, high enough so
that the specific heat does not strongly depend on the temperature
changing. For lower temperatures, a correction has to be applied in
order to take into account specific heat variations. Actually, MD re-
quires much more computation time than any other methods, so
only small systems can be studied. Further, some MD simulations
of silicon nanofilms have been used for comparisons.

The paper is organized in four parts. In the following section,
each numerical method used to assess thermal conductivity in
nanostructures is briefly recalled. Then, the three methods are val-
idated through their correct prediction of the bulk silicon thermal
conductivity. In Section 3, two methods (KT and DOM) and exper-
imental measurements of the in-plane thin film conductivity are
compared. We find that these methods give similar results for the
in-plane silicon film thermal conductivity, close to experimental
measurements. The three methods have been used to predict sili-
con nanofilm cross-plane conductance in Section 4. Several thick-

nesses and average temperatures have been tested. As the three
methods still give similar results, we are confident in the pre-
diction made for cross plane silicon films thermal properties for
which no measurements have been performed up to now.

2. Numerical models for thermal conductivity

In this section the three numerical methods used in this work
have been briefly recalled, the objective being to provide the key
parameters of each technique. Besides, one can found extra infor-
mation about these models in dedicated papers previously pub-
lished. For each method, the parameters needed to perform ther-
mal properties calculation are specified or referenced. These pa-
rameters are the vibration dispersion relations and the different
scattering processes collision times. Note that these data can be
different since the methods have been developed separately with
different choices for the modeling of vibration properties. Con-
cerning the dispersion relations, they are fitted from experimental
measurements achieved by neutron scattering. Isotropy is assumed
in the three models but the fits are not exactly the same although
they are close enough to allow comparison of the modeled thermal
properties. Concerning the vibration properties, different but close
choices have also been made in order to retrieve the bulk silicon
thermal properties. As it has been shown by Chung et al. [30], this
is the correct combination between the relaxation times and dis-
persion curves that is essential in order to ensure a good modeling.

2.1. Model based on the kinetic theory of gas

This model has been developed to predict the thermal conduc-
tivity of nanostructures made of dielectric crystals. In such mate-
rials heat is transported through vibration modes. Quasi-particles,
phonons, can be associated to the vibration modes. Thus, heat can
be seen as the energy transported by phonons. In the case of a uni-
form distribution of phonon propagation direction, in a isotropic
crystal, the Kinetic Theory (KT) of gas may be applied to predict
the lattice thermal conductivity. Under these conditions, the ther-
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mal conductivity k; in the direction z associated to phonons of
wave vector K and polarization p can be written as [14,19,31]

k(K. p) = C(K, p)v3 (K, p)T (K, p) cos 6, (K) (1)

where vg is the group velocity determined from the dispersion
curves
dw(K, p)
— 2
dK )
with @ the angular frequency. 7 (K, p) is the phonon relaxation
time due to phonon scattering phenomena, 6,(K) is the angle be-
tween the wave vector K and the direction z. C(K, p) is the specific
heat per unit volume, namely the temperature derivative of the in-
ternal energy U (K, p). For a system of volume V it can be written
[14] with x =hw(K, p)/kgT as

veg(K, p)=

kg  x?exp(x

CK, p) = B _X P

V [exp(x) — 112

The total thermal conductivity and specific heat are the sum

of the individual contributions due to all the wave vectors K and
polarizations p

3)

k=Y > CK, p)vi(K, p)T(K, p)cos’ 6, (K) (4)

K p
c:Z ZC(K,IJ) (5)
K p

Only the dispersion curves are required to calculate the bulk
crystal specific heat. The wave vector sampling in the first Bril-
louin zone depends on the crystal shape. Silicon is composed of
face cubic centered (FCC) elementary cells containing two atoms.
Thus, there are 6 polarizations and then 6 dispersion curves for
each wave vector direction. The crystal is completely defined by
the number of cells Nyi, Ng» and Ng3 in the direction of each
primitive vector al, a2 and a3. Wave vectors describing the crystal
vibrations are defined in the reciprocal space. They are the sum of

Koi= b1, Kp=2b2, Ky = b3 6)
Na1 Na2 Na3

where bi are ai reciprocal vectors. The limiting values of ng1, ng

and ng3 are such that the wave vectors belong to the first Brillouin

zone of the primitive cell.

For the sake of simplicity, dispersion curves in [100] direction
are used for all wave vector directions where Kmax is the largest
wave vector of the first Brillouin zone. The dispersion curve model
used here [19] allows to recover with a good accuracy the internal
energy of silicon, by comparing the constant volume specific heat
determined thanks to Eq. (5) with experimental results [32].

To calculate thermal conductivity, it is necessary to know the
relaxation time, which depends on vibration mode frequency, tem-
perature and system size. For a crystal, assuming that scattering
mechanisms are not coupled (Matthiessen’s rule), the expression
describing the relaxation time can be written as
@, p) =1L (@, )+ 7 (@) + T (@, p) 7)

-1 . . . .
Ton—ph 1S the relaxation time due to phonon-phonon interac-

tions including normal and umklapp processes. In this model the
usual tp’hl_ph expression [15-17,33], which depends on tempera-
ture, frequency and polarization reveals to be accurate enough to
recover silicon thermal properties. Its general form being

gf_ph(w) = AP TS (8)

The relaxation time due to phonon-defect interactions [34] is
written as

7 (0) = Aw® 9)

Phonon boundary interactions have been also taken into ac-
count to calculate the total phonon relaxation time. Several ex-
pressions have been proposed for the relaxation time due to the
system boundaries [34-36]. All of these are proportional to the re-
laxation time in the Casimir limit [37]. In this study, we consider
the following expression [18]

Vg(w» p)
FL(K)
L(K) is the distance that a phonon can travel between two bound-
ary surfaces in a considered wavevector direction K. For thin films,
the thickness of the film influences the thermal conductivity since
the relaxation time due to phonon boundary surfaces is a function
of the distance a phonon can travel between two free surfaces.
Moreover, as the film thickness decreases, the number of wave
vectors in the thickness direction also decreases, introducing the
anisotropy of the thermal conductivity. Besides, F mainly depends

on the surface roughness.

Under the assumptions specified at the beginning of this sec-
tion, thermal conductivity should be isotropic. Actually, in our KT
model, Eq. (4) is still used when the phonon properties are not
isotropic. This anisotropy might be due to the dispersion curve
or to the relaxation time parameters. As it will be shown later,
the thermal conductivity anisotropy has been taken into account
through the relaxation time assessment.

All the parameters Ap, Bp, A, F, xp and &, have been de-
termined in order to recover experimental silicon bulk thermal
conductivity where the characteristic length is equal to L(K) =
£ =7.16 x 1073 m [18]. Different Umklapp relaxation times for
longitudinal and transverse modes [18] have to be considered. For
nearly pure silicon, the parameter A mainly depends on the impu-
rity concentration. Assuming that this concentration is fixed, A is
a constant which has already been defined [38]. All these param-
eters are recalled below, note that these parameters are different
from the ones used by Holland since the relations used to fit the
bulk conductivity are not exactly the same.

Ar=7x10"B K A =3 x 102! sK3/2

xr=1%6r=4 x1=2,8=3/2 (11)

A=132x10"% $3, F=0.55

It has been shown that the optical mode contribution remains
lower than 3% of the thermal conductivity below 1000 K [19]. Be-
sides, other studies point out the facts that optical phonons do not
propagate energy within the medium [39] and are not interact-
ing with acoustic ones if the temperature is not high enough [40].
Then, optical phonons have not been taken into account in this
study.

Tl (@) = (10)

2.2. Discrete ordinate method for the BTE

We now focus on the numerical calculation of thin film cross-
plane conductive heat transfer by solving the BTE for phonons by
means of the Discrete Ordinate Method (DOM). This technique pro-
posed by Chandrasekhar [41] is a numerical tool that transforms
the BTE into a set of simultaneous partial differential equation for
each different propagation directions of carriers (photons, neutrons
or phonons) [21]. The set of directions spans the total solid angle
range of 47m. Integrals over solid angle are approximated by nu-
merical quadratures [42].

A specific spectral intensity I, ,(r, w) [43] for phonons which
depends on the angular frequency w, on the polarization branch p,
on the location r and on direction u is introduced. The collision
term into the Boltzmann equation is expressed in the frame of
the relaxation time approximation. Under these conditions and in
steady state, the BTE reads

u. 01y, p(r,u)

e T oplop @ W =i 5,0 (12)
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This equation is similar to the so-called Radiative Transfer
Equation (RTE). k4, is an equivalent phonon absorption coefficient
and Ig)’p is an equilibrium phonon specific intensity. Ig).p can be
seen as the product of the phonon density of states, multiplied by
the mean energy of a phonon at equilibrium temperature T, and

by the group velocity over 4.

w?dw ho

Vgwp (13)

0 (=
wop(D x exp(hw/kpT) — 1 X T4

272V 6 pVgw.p
where vg, p is the group velocity, vy, p the phase velocity, fi
the Planck constant and kg the Boltzmann constant. The equiva-
lent phonon absorption coefficient can be expressed in terms of
relaxation time Ky p =1/(Vgw,p X Tw,p) Where 1, is the total re-
laxation time.

BTE (12) has been solved for two different geometries: an in-
plane configuration allowing the calculation of the in-plane ther-
mal conductivity and a cross-plane configuration which provides
the thin film cross-plane conductance. In both geometries bound-
ary conditions for phonon reflection must be set. Reflection at
crystal boundary can be specular, diffusive or partially specular and
diffusive. In the most general situation where reflection occurs at
position r, the reflected specific intensity in direction u reads

d

Iw,p(r,u):p; / I p@u)u’ -n|dQ’ + p°ly p(r, ) (14)

u'-n<0

where 1 is the incident specular direction relatively to u and u’ are
the other incident directions. d£2’ is a part of solid angle associated
to direction uw'. p¢ is the diffuse reflectivity and p* corresponds to
the specular reflectivity.

In the in-plane configuration, we consider a thin film of height
L perpendicular to the z direction, infinite in the y direction and
with a length [ > L in the x direction. The system is therefore in-
variant in the y direction. The phonon transport equation has been
solved on a regular rectangular mesh in the (x,z) plane. With the
three direction cosines (i, n, &) discretized equation (12) reads
Ma;ﬂ +gdop

X 0z

At boundaries x =0 and x = I, temperatures have been imposed.
Thus, specific intensities at these boundaries are equal to the equi-
librium specific intensity I?O’p(T) at temperatures To and T;. At
lateral boundaries z=0 and z =L, a purely diffuse reflection con-
dition has been set (p? =1 and p° = 0). These boundary condi-
tions have been depicted in Fig. 1 (top).

The cross-plane configuration has been obtained solving Eq. (12)
in an axi-symmetric configuration with cylindrical coordinates. The
phonon location becomes r = (x, 6, z) and the phonon propagation
direction u remains determined by the two angles (¢, ¥) or the
three direction cosines (i, n,&). The system is invariant under a
rotation around the azimuthal angle 6. The discretization domain
is a cylinder with a radius R and height L along the z direction.
Temperatures have been imposed on z=0 and z = L boundaries.
A specular reflection condition has been set in r =0 due to the
symmetry of the considered problem. In r = R, a specular reflec-
tion condition has been also set in order to ensure momentum
conservation in the z direction (p¢ =0 and p* =1). Thus, it simu-
lates the heat transfer in the perpendicular direction of a thin film.
These boundary conditions have been illustrated in Fig. 1 (bot-
tom). Note that this axi-symmetric configuration can also predict
the thermal behavior of a cylindrical nanowire if a purely diffuse
reflection is set in r = R. With this axi-symmetric cylindrical ge-
ometry, BTE (12) becomes

+Koplop =Kopl) , (15)

1 30lop) _1000p) | Ay
r ar r o 0¢ 0z

+Kaw,plop :Ka),pls),p (16)

Iz
|
L T tg -14? ]
T, 4
L s ||
- X
0! Isotropic diffuse reflection !
K3
i
R
T, L
................................... . —> z
0, L

Specular reflection

Fig. 1. Boundary conditions in the in-plane configuration (top) and the cross-plane
configuration (bottom).

In both situations (in-plane and cross-plane), the angular inte-
gration has been performed for a given direction set. These di-
rections have been chosen according to the Sg quadrature [42]
(80 directions spanning the total solid angle range of 4m). The
spatial discretization has been achieved in the bidimensional plane
with regular mesh (/100 x 100 cells according to the modeled
sample size).

Concerning the equivalent phonon absorption coefficient, differ-
ent kinds of interactions have been taken into account through the
global relaxation rate [18]. Interactions with impurities have been
modeled by a Rayleigh scattering expression rd_l = Aw*. Normal

anharmonic interaction have been characterized by r,;Ll =B w?T3

for longitudinal polarization and rﬁrl = BrwT?* for transverse po-
larization. Umklapp anharmonic interaction has been described
by rJl = Bruwz/sinh(hw/ka) at high transversal frequencies
whereas rljll = B;w?T> has been used for longitudinal polariza-
tion. The total inverse relaxation time has been obtained taking
the sum of the inverse individual relaxation times (Matthiessen’s
rule). Constants A, By, Br and Bpy used in the DOM simula-
tion are those provided in [44]. Once again, only acoustic phonon
modes have been considered. Calculations have proved that this
is a satisfactory assumption to retrieve silicon thermal conductiv-
ity. Besides, crystal anisotropy has not been taken into account in
the present study. The acoustic branches (LA and TA) of the dis-
persion properties have been modeled by a quadratic fit [45] of
experimental data by Dolling [46] in the direction [100].

2.3. Monte Carlo method for the BTE

Monte Carlo (MCM) solution of the BTE is based upon energy
considerations of the heat carrier interaction and displacement.
Here, the studied domain has been spatially discretized in cubic
cells where phonons have been allowed to drift and scatter (Fig. 2).

A uniform spectral discretization has been also achieved over
Nj frequency bands in order to take into account vibration proper-
ties through the dispersion curves. The random sampling technique
requires a normalized distribution function F(w, T). The later has
been constructed computing the theoretical number of modes in
each spectral band Aw [25,27].

1 Ky, 1)
Np p(T) = V[ i ] 5 - grAw 17
exp(—gbf") —1127%vgpp
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Fig. 2. Studied model. Phonons location, energy and velocity are randomly chosen
in each cell according to dispersion curves and local temperature.

The indices  , refer to band b and polarization p, g, is the
degeneracy of the polarization branch p. The distribution function
F has been constructed doing the cumulative summation of the
number of phonons in the ith spectral band over the total number
of phonons (Eq. (18))

Y bt X Nop(T)
>, Npp(T)

The number of modes N for both polarizations and the corre-
sponding distribution function F are plotted on Fig. 3.

Thus, a random number R is sampled between 0 and 1, the
corresponding F;(T) value gives the ith related spectral band with
frequency center w;. The phonon frequency is equal to

Fi(T) = (18)

A
w:wf+7w(1—272) (19)

The polarization has been also randomly set, calculating the
probability to be or not on the LA branch
Nia(w;i, T)

PLA@) = N @i T) + Noa(@on. T) (20)

The nth phonon location is randomly set in the considered cell
c at temperature T using

fe=rc+LRi+LyRj+ LRk (21)

where r¢ is the coordinates of the cell of size Ly x Ly x L, and R,
R’ and R” three random numbers. Eventually, the phonon propa-
gation direction £ is determined choosing randomly a polar angle
(cos(@) =2R — 1) and an azimuthal angle (¢ =27R/).

Phonons are drawn until the theoretical energy of the cell E(T)
(sum of every Ep ,(T) = Np (T) x hiwp, ) reaches the assumed lo-
cal equilibrium energy at temperature T. Actually, in the case of
high temperature and/or for structures larger than some microns,
the total theoretical number of phonons can be very large. On the
other hand, as temperature goes down or in the case of very thin
nanostructures the number of phonons can be insufficient to in-
sure accurate statistics. Therefore, a weighting factor W has been
introduced to adjust numerically the number of sampled phonons
and the energy of the medium. When N(T) is large W > 1. At the
opposite, if N(T) is small we set 0 < W < 1. Thus the resulting
phonon density and energy become

N(T

N*(T) = % (22)
N*(T)

EX(T)= ) W x hoy, (23)
n=1

where N* is the number of sampled phonons in a cell and E*
the corresponding energy. In practice, W has been chosen so as
to follow at least 10* phonon in a 500 nm wide cubic cell. In this
case, results are not sensitive to W choice. The sampling process is
stopped when E*(T) = E(T). The model flow-chart is the follow-
ing:

4000} ' ' | 2™
1000
Z 2000f 0
2 25 3 35
0 X 1013
0 1 2 3 4 5 6 7
o[rads™"] x 10"

olrads™] x 10"

Fig. 3. Theoretical and sampled frequency phonon distribution at 300 K for silicon
(upper figure). Normalized number density function in silicon with and without
Pscar correction (lower figure).

e According to the specified initial and boundary conditions
(temperature set in the medium and at both sides of the film),
phonons are randomly sampled (frequency, polarization and
position) within each cell until the prescribe energy E(T) is
reached. Concerning film boundaries, the first and the last cells
are blackbodies with fixed temperatures, i.e. after each time
steps phonon distribution in these two cells is resampled ac-
cording to the bounding hot and cold temperatures in order to
maintain the temperature gradient.

e The energy transport process modeling is considered during
At. Within a time step, phonons move according to their
group velocity and direction propagation 2. They can be re-
flected at a boundary of the domain and therefore change their
propagation direction £ into 2’ or travel toward a neigh-
boring cell. In the case of specular reflection (p°=1 thus
£ -n= -’ n). For diffuse reflection (depending on the rugos-
ity) 2’ is sampled in the backward angular space considering
the normal n of the interaction surface.

e Following this drift stage, updated energies and temperatures
are computed in every cells.

o Finally, some phonons can encounter a scattering process
which depends on the relaxation time t(w, p) and the sim-
ulation time step through the collision probability (Eq. (24)).
In the case of a collision, the phonon characteristics are partly
or fully resampled. In the case of dominant defects/impurity
interactions only the propagation direction is resampled and
the frequency remains unchanged. In the case of dominating
NU process, frequency and polarization are resampled accord-
ing to the local temperature T with the modified distribution
function Fscqe (Eq. (25)). The direction is only modified in the
case of an umklapp interaction. More details about the selec-
tion rules used in this procedure can be found in [25].

e The simulation time is incremented by At and the procedure
restarts.

The probability for a phonon to be scattered between t and t + dt
is

Pscat(w, p) =1— EXP( At ) (24)
T(w, p)

The relaxation time 7(w, p) expression is slightly different from
the one used with the KT technique. The boundary collision time
Tpc has not been used here since these interactions have already
been taken into account during the drift stage exposed previously.
Formal expression of 7y, Ty, 74 and the related constants Ap, B
and A have been derived from Holland’s work [18].



1472 D. Terris et al. / International Journal of Thermal Sciences 48 (2009) 1467-1476

In order to create phonons at the same rate they are destroyed
at thermal equilibrium, the distribution function F used to sample
the frequencies of the phonons after scattering has to be modu-
lated by the probability of scattering. So we define a new distribu-
tion function

ZZ‘:] Nj(i:) X Pscat j
N =
Zji] Nj(T) X Pscatj

Taking into account the scattering probability in the distribution
function Fg.q ensures that a destructed phonon on both transverse
and longitudinal branches can be resampled with a not to weak
energy. As it can be seen (Fig. 3), with the normalized cumulative
distribution function Fs, the sampled phonon distribution (red
curve) is close to the theoretical one (for colours see the web ver-
sion of this article).

With the MCM technique developed here, temperature can be
known in each cell at every moments of the modeling through an
inversion of the corresponding calculated energy E*(T) using its
theoretical form E(T). Furthermore, the heat flux ¢ in a given di-
rection is the transported energy quanta flow moving at the group
velocity. In the z axis direction defined by vector e, it can be writ-
ten as

Fscat(T) = (25)

1 N*(T)
Go=1 > Whonvg, - e, (26)

n=1

If one can assume diffusive heat transport in the sample (i.e.
T >100 K and length L sufficiently large to avoid ballistic effects),
Fourier's law can be applied and the thermal conductivity k; is
straightforwardly determined. If it is not the case, thermal con-
ductance G, should be preferred since it takes into account the
thickness L of the sample

4z kz
=5 G, = (27)

-
Diffuse regime L

G,
where AT is the temperature difference between the interfaces.
3. Bulk silicon thermal conductivity. Models validation

Comparison between silicon bulk data and the results given
by the three methods, at temperatures between 100 and 500 K,
have been achieved (Fig. 4). Experimental values have been taken
in [47]. These measurements were performed on samples which
characteristic length is equal to 7.16 mm.

At temperatures larger than 200 K, a weak dispersion in the
thermal conductivity values obtained by the three methods can be
noted. Furthermore there is a very good agreement between nu-
merical predictions and experimental silicon bulk conductivity. The
three methods and the parameters used in the modeling are vali-
dated in this temperature range.

At low temperatures, some discrepancies occur. Temperature
shifts have been observed at the medium boundary for the DOM
and MCM calculations, i.e. the diffusive regime is not completely
reached in the case of studied samples. In the first case, the DOM
solution has been obtained for a one millimeter size crystal. The
temperature jump at boundaries leads to a weaker thermal gra-
dient and thus to a larger thermal conductivity for the given heat
flux. In the second case, MCM simulations have been performed on
sub-millimeter sample size in order to have a reasonable compu-
tation time (L ~ 10 pm). At this low temperature ballistic phonon
behavior in thin structures seriously affects the thermal conduc-
tivity appraisal. As it will be shown later in this paper and in
Appendix A, the concept of conductivity is questionable in this
regime.
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Fig. 4. Comparison of the bulk silicon thermal conductivity experimental data [47]
at several temperatures with those obtained by the three numerical methods pre-
sented in the paper.
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Fig. 5. In-plane thermal conductivity of silicon thin films at 300 K. KT model (dash
line and cross), DOM model (full line and squares) and experimental data by: Ju and
Goodson [9] (circles), Asheghi et al. [10] (triangles) and Liu and Asheghi [12] (stars).

4. Silicon in-plane thermal conductivity

The KT model has already been used to predict the in-plane
thermal conductivity of silicon nanofilms of different thicknesses
from 20 nm to 6 pm. A good agreement with experimental results
in the temperature range between 20 to 300 K has been observed
[19]. Here the DOM has been also used to make predictions of
the in-plane thin film thermal properties. For the in-plane proper-
ties modeling the intensity boundary condition assumes perfectly
diffuse scattering (o9 =1 and ps = 0). From the obtained intensity
and temperature profiles it has been shown that films have a diffu-
sive behavior if their thickness L is much larger than the mean free
path. At ambient temperature, the film thickness has to be larger
than a few microns. At 300 K, in-plane thermal conductivities cal-
culated with KT and DOM models agree very well. Moreover, they
match quite well with experimental results for film thicknesses be-
low 100 nm (Fig. 5). Above 100 nm, both models underestimate
thermal conductivity by 20% which is a little bit higher than the
experimental uncertainties (about 15%). Similar trends can be ob-
serve on other studies by MD considering very thin silicon films
[49,50], in both cases in-plane thermal conductivity assessed by
MD slightly over predict our simulation results. Lastly, results for
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Fig. 6. Prediction of the in-plane thermal conductivity of Si nanofilms at 400 K ob-
tained with KT model (full line and cross) and DOM model (full line and squares).
Comparison with MD results by Gomes et al. [29] (circles), experiments by Liu and
Asheghi [13] (triangles) and with an equivalent cross-plane thermal conductivity
(dashed lines) from KT (cross), DOM (square) and MCM (diamonds) methods.

ultra-thin silicon layers where highly anisotropic effects might oc-
curs due to phonon confinement can be found in Heino’s work
[51]. In this last case thermal conductivity is no longer the ap-
propriate property and results are discussed in terms of thermal
resistivity.

Our results have been also compared with the latest one ob-
tained with MD simulations by Gomes et al. [29] at 400 K (Fig. 6).
Once again, KT and DOM models agree well but differences are
quite large (more than 100%) with MD simulations. Molecular Dy-
namics seems to lead to an overestimation of the thermal conduc-
tivity. Other comparisons with MD simulations [48,52] have been
done at 300 K. They show a similar overestimation of MD simu-
lations with respect to our methods and with experimental mea-
surements [13]. No comparisons with the MCM model have been
achieved for the in-plane modeling. In this last case the associated
simulation involves huge computational resources that cannot be
actually simply handled.

5. Silicon cross-plane thermal conductance

As it has been demonstrated, the KT and DOM methods succeed
in the prediction of bulk and thin film in-plane thermal conductivi-
ties when compared to measurements. The MCM method also suc-
ceeds in predicting the thermal conductivity of bulk silicon. Thin
film thermal conductivity measurements have been performed in
the in-plane and cross-plane directions. Some cross-plane thermal
conductivity measurements and calculations have been done for
semiconductor superlattices or amorphous silicon films [5-8,53,
54]. No cross-plane thermal conductivity measurements have al-
ready been done for crystalline silicon films. The aim of this work
is to predict this cross-plane thermal conductivity using the three
models and to compare their results.

The MCM and DOM methods have shown that the temperature
profile in a thin film is not always linear in steady state as pre-
dicted by Fourier’s law which corresponds to the diffusive regime.
When phonon mean free path is of the order of the film thick-
ness, numerical simulations [25] point out that temperature jumps
occur near the boundaries. The concept of conductivity, which in
principle can only be used in the diffusion approximation, can lose
its meaning for small film thickness. However, conductance can
always be calculated. In the following, thermal conductance evalu-
ations of silicon thin films of various thicknesses and temperatures
will be presented. For both MCM and DOM methods the cross-
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Fig. 7. Cross-plane conductance of silicon films of various thickness obtained at
300 K with DOM (squares), MCM (diamonds) and KT (cross) methods.

plane properties modeling assumes perfectly smooth boundaries
and thus only specular scattering (p? =0 and p*=1) to ensure
momentum conservation.

In order to illustrate the limits of the conduction model at low
scales, the cross-plane thermal conductance of silicon thin films
at T =300 K has been presented with a log-log representation in
Fig. 7. At large thickness, conductance decreases as 1/L (where L
is the film thickness). This behavior is characteristic of a diffusive
system. In this range, the concept of conductivity can be used. At
very small thickness, conductance saturates: the transfer is purely
ballistic. In between, the regime is “mesoscopic”. The conductivity
can hardly be used here. At ambient temperature, for film thick-
ness lower than a few microns, heat transfer is no longer in the
diffusive regime.

Contrary to the KT method, DOM and MCM do not suppose
that the diffusive regime has been reached. As these two meth-
ods solve the full BTE in the relaxation time approximation, they
should well describe the ballistic-mesoscopic-diffusive transition as
long as phonon coherent effects do not play any role. Nevertheless,
DOM calculations are faster when the sample characteristic length
increases, while MCM calculations are penalized by the rising of
sampled phonon number. Yet, it can be demonstrated (see Ap-
pendix A) that the KT presented here can correctly predict the
equivalent thermal conductivity for the ballistic regime. Indeed, a
collision time equal to the ratio of the system size to the phonon
velocity has been introduced in the KT model. When this process
is dominant toward the diffusion processes (i.e. when the mean
free path associated with the boundary collision is smaller than
the one associated with the diffusion processes phenomena), then
the thermal conductivity depends linearly on the system size fol-
lowing equation (A.3). This leads to a thermal conductance which
does not depend anymore on the system size as predicted by DOM
and MCM models.

5.1. Thickness dependence

The cross-plane thermal conductance calculated at 400 K for a
film thickness ranging from 20 nm to 6 pm has been presented in
Fig. 8. The methods have been also compared to predictions made
by Molecular Dynamics [29]. A good matching between our three
methods can be noted, especially for large thickness, whereas the
MD predictions give higher thermal conductances. Furthermore, a
strong dispersion of the conductance is observed for layer thick-
nesses smaller than 40 nm in MD. In this width domain, our calcu-
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Fig. 8. Cross-plane thermal conductance of silicon thin film of various thicknesses at
400 K predicted with the three methods. Prediction of the MD by Gomes et al. [29]
(circles) are also reproduced in the figure.

lations also exhibit a slight dispersion: in the mesoscopic regime,
the KT model is indeed more questionable.

In Fig. 6, the equivalent cross-plane thermal conductivity (ob-
tained by multiplying the conductance by the sample thickness)
has been compared to the in-plane thermal conductivity. It can
be noted that the equivalent cross-plane thermal conductivity is
lower than the in-plane thermal conductivity, particularly at low
thickness. Thermal conduction is therefore not isotropic in silicon
crystalline films as it has also been observed in semiconductor su-
perlattices [5]. Nevertheless, the anisotropy physical origin is very
different in the film case and in the superlattice case. In the thin
film situation, anisotropy is due to the fact that heat conduction
is in a different regime in the in-plane situation (diffusive regime)
and in the cross-plane situation (ballistic regime). In superlattices,
cross-plane thermal transport can be reduced because band gaps
are open in the phonon dispersion relation reducing the number of
modes adequate to carry heat. But also due to the presence of in-
terface diffuse reflection that increases contact resistance between
layers [53]. Thus, film anisotropy has to be taken into account if
heat transfer is simulated using classical Fourier’s law. However,
this kind of treatment has to be done carefully for thin films, since
we pointed out that this approach should not be used for very thin
films when heat transfer is not diffusive.

5.2. Temperature dependence

The cross-plane thermal conductance of a 20 nm-thick silicon
film as function of the temperature has been plotted in Fig. 9. The
agreement between our three methods is here again satisfactory.
At low temperatures, the system is ballistic and the conductance
simply depends on the thermal derivative of the phonon blackbody
specific intensity (which is proportional to T4) so that the con-
ductance has a T3 dependence. At high temperatures, the system
enters in the diffusive regime: the mean free path is limited by
anharmonic interactions so that the thermal conductance behaves
as 1/T. In the intermediate regime, the system is mesoscopic and
requires a fine analysis as discussed in the three methods devel-
oped here. For example, the conductance maximum around 250 K
is a compromise between the phonon relaxation time decrease
with temperature and the phonon energy increase with temper-
ature. Note that due to the same reasons, a similar conductance
evolution with temperature, is actually observed in nanowire ther-
mal conductivity measurements [55] and calculations [19,38,56].
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Fig. 9. Thermal conductance of a 20 nm thick silicon film versus temperature pre-
dicted by the three numerical methods. Low and high temperature conductance
regime (dashed lined).

6. Conclusions

In this paper three numerical methods used to predict cross-
plane thermal conduction properties of thin silicon films have been
presented. These three methods, Kinetic Theory, Discrete Ordinate
Method and Monte Carlo Method, have been validated on their
same prediction of silicon bulk thermal conductivity. Two mod-
els have been also validated comparing prediction values of the
thin silicon film in-plane thermal conductivity with experimental
values. The three methods agree very well regarding cross-plane
thermal conduction properties. These models also agree with the
few available experimental data. On the contrary, our models dis-
agree with recent MD results that tend to overestimate the thermal
conductivity. Each technique predicts a strong anisotropy of the
thermal conduction properties, in-plane values being higher than
cross-plane values. MCM and DOM have clearly shown the transi-
tion between diffusive and ballistic regime of phonon heat transfer.
Thus, the concept of thermal conductivity can hardly be used in
mesoscopic and ballistic regimes.
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Appendix A

This appendix shows that the ballistic conductive heat flux, cal-
culated between two parallel blackbodies, can be roughly retrieved
by the Kinetic Theory if an appropriate mean free path is chosen.
Let us consider as a simple illustration the following system

e the medium dispersion properties are acoustic modes which
follow a single phonon branch in the Debye approxima-
tion [14],

o the medium is limited by plane parallel borders (orthogonal to
z direction) separated by a distance L which are at tempera-
tures T1 and T, small compared to the Debye temperature.
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In this approximation, the specific phonon intensity emitted by a
wall at temperature T reads

how?

P(w) =
@) 273 va[exp(hw/kpT) — 1]

(A1)

Here the group velocity v is constant. The heat flux emitted
by a wall at temperature T, is therefore

o0
q:/dw / 1%(w) cos 6 d2
0

2=2n
o0
ki /‘ Bdx 4
243 171 phi1
2m2vih . exp(x) — 1

where 6 is the angle between the direction z and the direction of
the intensity of consideration, o, = k‘énz/(30ﬁ3v§).

The total heat flux exchanged is obtained by subtracting the
heat flux emitted by the wall at temperature T, so that q =
opn(T§ — T). If Ty ~ T ~ T, the total heat flux can be approx-
imated by § ~ 40p,T3(T1 — T2). Following the definition of the
thermal conductivity by the Fourier law, a ballistic conductivity
along the z direction can be written

kb4 = 40, LT3 (A3)
Now, calculating the conductivity by the Kinetic Theory with
Eq. (1) and doing the integration, one can write

kKT = / TviC(K)D(K) d°K (A4)

where D is the density of states. Thus, performing the integration
over the angles and, after having changed the variables, over the
angular frequencies k, becomes

2w T 00 2d
KT _ 20 2 wdw
k; _fd¢/cos Qsmede./wgc(w)m
0 0 0

_ 2TvgkyT? [ x*exp(x) dx _ 160p1vgT
3wk’ ) lexpo —12 T 3w

(A5)

Thus, a mean free path taken as A =vgt =3L/4m gives a Kinetic
Theory thermal conductivity equal to the one obtained by a direct
calculation of the ballistic heat flux.
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